We give new constructions of pair of functions (f, g), analytic in the unit disc, with g ∈ H ∞ and f an unbounded Bloch function, such that the product g · f is not a Bloch function.
A typical example of an unbounded Bloch function is the function f defined by
We mention [1] as a general reference for the theory of Bloch functions.
A function f which is meromorphic in D is said to be a normal function in the sense of Lehto and Virtanen [15] if
For simplicity, we shall let N denote the set of all holomorphic normal functions in D. It is clear that any Bloch function is a normal function, that is, we have B ⊂ N . We refer to [1] , [15] and [16] for the theory of normal functions. In particular, we remark here that if f ∈ N , ξ ∈ ∂D and f has the asymptotic value L at ξ, (that is, there exists a curve γ in D ending at ξ such that f (z) → L, as z → ξ along γ) then f has the non-tangential limit L at ξ.
Let us recall that if a sequence of points {a n } in the unit disc satisfies the Blaschke condition:
|a n | a n a n − z 1 − a n z .
Such a product is analytic in D. In fact, it is an inner function, that is, an H ∞ -function with radial limit of absolute value 1 at almost every point of ∂D (cf. [7, Chapter 2] ). If {a n } is a Blaschke sequence and there exists δ > 0 such that m =n a n − a m 1 − a n a m ≥ δ, for all n, we say that the sequence {a n } is uniformly separated and that B is an interpolating Blaschke product. Equivalently,
We refer to [7, Chapter 9] and [9, Chapter VII] for the basic properties of interpolating Blaschke products. In particular, we recall that an exponential sequence is uniformly separated and that the converse holds if all the a k 's are positive.
Lappan [14, Theorem 3] proved that if B is an interpolating Blaschke product and f is a normal analytic function in D, the product B · f need not be normal. Lappan used this to show that N is not a vector space.
Lappan's result is a consequence of the following easy fact: if B is an interpolating Blaschke product whose sequence of zeros is {a n } and G is an analytic function in D with G(a n ) → ∞, then f = B · G is not a normal function (and hence it is not a Bloch function either). This result has been used by several authors (see [5, 17, 18, 10, 11, 3] ) to construct distinct classes of non-normal functions.
The author and Suárez proved in [13] a result of this kind dealing with Blaschke products with zeros in a Stolz angle but not necessarily interpolating, improving a result of [12] . Namely, Theorem 1 of [13] is the following.
Theorem A. Let B be an infinite Blaschke product whose sequence of zeros {a n } is contained in a Stolz angle with vertex at 1 and let G be
It is natural to ask whether it is possible to prove results similar to those described, substituting "Blaschke products" by some other classes of H ∞ -functions. Our first result in this paper deals with the atomic singular inner function. Theorem 1.1. Let S be the atomic singular inner function defined by
and let f be a Bloch function with
Then the function F defined by F (z) = S(z)f (z) is not a normal function (hence, it is not a Bloch function).
In particular, the function f defined by 
For g ∈ Hol(D), the multiplication operator M g is defined by
Let us recall that if X and Y are two spaces of analytic function in D and g ∈ Hol(D) then g is said to be a multiplier from X to Y if M g (X) ⊂ Y . The space of all multipliers from X to Y will be denoted by M(X, Y ) and M(X) will stand for M(X, X). Brown and Shields [4] characterized the space of multipliers of the Bloch space M(B) as follows.
It is easy to see that the analytic Lipschitz spaces Λ α (0 < α ≤ 1) and the mean Lipschitz spaces Λ p α (1 < p < ∞, 1/p < α ≤ 1) are contained in M(B) We refer to [7, Chapter 5] for the definitions of these spaces, let us simply recall here that
On the other hand, Theorem 1 of [8] shows the existence of a Jordan domain Ω with rectifiable boundary and 0 ∈ Ω, and such that the conformal mapping g from D onto Ω with g(0) = 0 and g ′ (0) > 0 does not belong to B log . For this function g we have that g ∈ Λ 1 1 but g is not a multiplier of B. Thus we have:
. In view of this and the results involving Blaschke products that we have mentioned above, it is natural to ask the following question: Question 1.3. Is it true that for any given f ∈ B \ H ∞ there exists a function g ∈ Λ 1 1 such that g · f / ∈ B?
We shall show that the answer to this question is affirmative. Actually we shall prove a stronger result.
We let B 1 denote the minimal Besov space which consists of those functions f ∈ Hol(D) such that
Here dA denotes the area measure on D. Alternatively, the space B 1 can be characterized as follows (see [2] ):
For f ∈ Hol(D), we have that f ∈ B 1 if and only there exist a sequence of points {a k } ∞ k=1 ⊂ D and a sequence {λ k } ∞ k=0 ∈ ℓ 1 such that
Here, for a ∈ D, ϕ a : D → D denotes the Möbius transformation defined by
is is well known that B 1 ⊂ Λ 1 1 (see [2, 6] ) and then our next result implies that the answer to question 1.3 is affirmative.
The proofs of Theorem 1.2 and Theorem 1.4 will be presented in section 2. We close this section noticing that throughout the paper we shall be using the convention that C = C(p, α, q, β, . . . ) will denote a positive constant which depends only upon the displayed parameters p, α, q, β . . . (which often will be omitted) but not necessarily the same at different occurrences. Moreover, for two real-valued functions E 1 , E 2 we write E 1 E 2 , or E 1 E 2 , if there exists a positive constant C independent of the arguments such that E 1 ≤ CE 2 , respectively E 1 ≥ CE 2 . If we have E 1 E 2 and E 1 E 2 simultaneously then we say that E 1 and E 2 are equivalent and we write E 1 ≍ E 2 .
The proofs
Proof of Theorem 1.2. For 0 < a < 1, set Γ a = {z ∈ D : |z−a| = 1 − a}. If z ∈ Γ a then Re 1+z 1−z = a 1−a and, hence,
This, together with (i), implies that
Hence F has the asymptotic value ∞ at 1. On the other hand, (ii) implies that F has the radial limit 0 at 1. Then it follows that F is not normal. 
Clearly, ϕ(r) → ∞, as r → 1 and it is well known that
This implies that
Choose a sequence of numbers {r n } ⊂ (0, 1) satisfying the following properties:
(iii) ϕ(r n ) ≥ 2ϕ(r n−1 ), for all n.
(iv) 1−r n+1 1−rn → 0, as n → ∞. The existence of such a sequence is clear, bearing in mind (2.1) and the the fact that ϕ(r) → ∞, as r → 1.
Set λ k = ϕ(r k ) −1/2 , k = 1, 2, . . . .
For each k, take a k ∈ D with |a k | = r k and |f (a k )| = ϕ(r k ). Using (iii), it follows that
Using (2.2) we see that the sum in (2.3) defines an analytic function in D which belongs to B 1 . Set
Since g ∈ H ∞ and f ∈ B we see that
On the other hand, (2.5) |g ′ (a n )f (a n )| I − II − III, where I = |f (a n )|λ n |ϕ an (a n )|, II |f (a n )|
Clearly, (2.6) I = |f (a n )|λ n |ϕ an (a n )| ≍ ϕ(r n ) 1/2 1 − r n .
Using the definitions, the facts that ϕ and the sequence {r n } are increasing, and (ii), we obtain II |f (a n )|
ϕ(r n ) 1/2 1 − r n ϕ(r n ) 1/2 n(1 − r n ) 1 − r n−1 = o ϕ(r n ) 1/2 1 − r n .
Likewise, using the definitions, the facts that ϕ and the sequence {r n } are increasing, (iii), and (iv), we obtain
Using (2.6), (2.7), (2.8), and the fact that lim ϕ(r n ) = ∞, we deduce that (1 − |a n |)|g ′ (a n )f (a n )| → ∞, as n → ∞.
This and (2.4) imply that F is not a Bloch function.
